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We present an overview of the most relevant, and sometimes contrasting, theoretical approaches to
Rayleigh–Taylor and mean-gradient-forced Rayleigh–Be´nard two-dimensional turbulence together
with numerical and experimental evidences for their support. The main aim of this overview is to
emphasize that, despite the different character of these two systems, especially in relation to their
steadiness/unsteadiness, turbulent fluctuations are well described by the same scaling relationships
originated from the Bolgiano balance. The latter states that inertial terms and buoyancy terms balance
at small scales giving rise to an inverse kinetic energy cascade. The main difference with respect to
the inverse energy cascade in hydrodynamic turbulence [R. H. Kraichnan, “Inertial ranges in two-
dimensional turbulence,” Phys. Fluids 10, 1417 (1967)] is that the rate of cascade of kinetic energy
here is not constant along the inertial range of scales. Thanks to the absence of physical boundaries,
the two systems here investigated turned out to be a natural physical realization of the Kraichnan
scaling regime hitherto associated with the elusive “ultimate state of thermal convection” [R. H.
Kraichnan, “Turbulent thermal convection at arbitrary Prandtl number,” Phys. Fluids 5, 1374–1389
(1962)]. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4990083]
I. INTRODUCTION
Thermal convection at very high Rayleigh numbers is a
subject of great importance in a variety of situations ranging
from geophysics to astrophysics with important conse-
quences on many technological problems.1–4 Plumes are well-
organized structures of warm rising cold descending air that
appear when the buoyancy effects are important. In the atmo-
sphere, their generation and interaction strongly affect the
heat transport properties and the temperature statistics in the
convective boundary layer.5–8
Despite the fact that turbulent convection is intimately
a three-dimensional phenomenon, many studies in the past
have focused attention on the two-dimensional case. The
results presented in Ref. 9 show that two-dimensional tur-
bulent convection and its three-dimensional counterpart are
actually dynamically connected. By analyzing the Rayleigh–
Taylor system via high-resolution direct numerical simulations
(DNSs), it has been found in Ref. 9 that the system under-
goes a transition from a three- to two-dimensional turbulent
regime when the width of the turbulent mixing layer becomes
larger than the scale of confinement. The latter scale is asso-
ciated with a transverse side (along the horizontal direction)
of the domain which is much smaller than the others. In the
late stage of the evolution, the convective flow is characterized
by the coexistence of Kolmogorov–Obukhov (characterizing
fully three-dimensional cases) and Bolgiano–Obukhov (char-
acterizing fully two-dimensional cases) scaling at small and
large scales, respectively.
Two-dimensional turbulent convection and their peculiar
properties are thus an important playground not only per se´ but
also to achieve a better understanding of the three-dimensional
problem.
A fundamental issue in turbulent convection is the deter-
mination of the statistical properties of velocity and tem-
perature fluctuations in the inertial range of scales in which
turbulent mixing is at work. The present paper aims at summa-
rizing the main results in this context for the two-dimensional
case. The focus will be on two paradigmatic systems of turbu-
lent convection, the Rayleigh–Be´nard (RB) and the Rayleigh–
Taylor (RT) systems. As we will see, important quantitative
properties related to the scaling of relevant statistical observ-
ables in the inertial range of scales are shared by the two
systems.
The paper is organized as follows. In Sec. I, we intro-
duce the equations of motion and we provide the theoretical
background. In Sec. III, we discuss different predictions based
on phenomenological theories for two-point statistical observ-
ables. Numerical results corroborating the predictions will be
also reported and discussed with emphasis on the statistics
of extreme fluctuations leading to intermittency saturation.
In Sec. IV, the scaling of global observables is discussed
in relation to the famous “ultimate state of thermal convec-
tion.” Conclusions and perspectives are reported in the last
section.
II. RULING EQUATIONS
The two-dimensional equations of thermal convection
ruling the evolution of flow velocity and temperature in the
Oberbeck–Boussinesq approximation are
∂tT + v · ∂T = κ∂2T , (1)
∂tω + v · ∂ω = ν∂2ω − β∂T × g, (2)
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T being the temperature field, ω = ∂ × v the vorticity, g the
gravitational acceleration, β the thermal expansion coefficient,
κ the molecular diffusivity, and ν the viscosity.
These equations rule the dynamics of both RB and RT
systems. To distinguish the two systems, one needs to specify
forcing conditions, initial and boundary conditions. For the
Rayleigh–Taylor problem, at the initial time t = 0, the sys-
tem is at rest with the colder fluid placed above the hotter one
(see Fig. 1 for a sketch of the late-stage evolution of the sys-
tem). This amounts to assuming a step function for the initial
temperature profile, T (0, x) = −sgn(z)Θ/2, Θ being the initial
temperature jump. The lateral boundary conditions are peri-
odic, whereas along the vertical, the box is assumed to be,
ideally, of infinite extension.
For the Rayleigh–Be´nard problem, since the fluid is being
heated from below, a linear profile G · x is assumed for the
horizontally averaged temperature profile, with a large-scale
gradient G pointing downward as the gravity field. The bound-
ary conditions for the fluctuations around the horizontally
averaged temperature are bi-periodic (along both directions).
In a similar model, studied in Refs. 11 and 12, no mean gradi-
ent is present and a forcing term is added to the equation for
the temperature field. That model mimics the convective layer
far from the physical boundaries.
In both cases discussed, for RT and RB systems con-
sidered here the boundary conditions are such to avoid
FIG. 1. Image of the temperature field in RT turbulence obtained from a DNS
with the same parameters reported in Ref. 10. Black is the cold flow, whereas
white is the warm flow. Gravity points downwards.
the formation of boundary layers. There are however inter-
esting studies where boundaries are explicitly taken into
account, both at the level of numerical simulations (see, e.g.,
Refs. 13 and 14) and experiments (see, e.g., Refs. 13, 15,
and 16).
In Eq. (2), the temperature field affects the vorticity
through the buoyancy forces, thus providing a simple exam-
ple of active scalar turbulence. At large enough values of β,
the buoyancy forces might equilibrate the inertial terms in the
velocity dynamics, while the temperature fluctuations cascade
toward the small scales. However, it is also a priori possi-
ble in the opposite scenario with the buoyancy contribution
remaining confined to the sole large scales. Different scaling
behaviors in the inertial range of scales are expected in these
two, totally different, regimes. Understanding the actual scal-
ing regime in two-dimensional turbulent convection is the aim
of Sec. III.
III. SCALING OF TWO-POINT OBSERVABLES
Two different predictions for scaling regimes associated
with the dynamics ruled by Eq. (2) can be formulated. Let
us start from the first. Upon assuming that the temperature
behaves as a passive scalar, the analysis of two-dimensional
Navier–Stokes turbulence leads to two scenarios. While tem-
perature variance flows to small scales at a constant flux, the
velocity field either undergoes an inverse cascade with an
inertial range characterized by a backward scale-independent
energy flux or it develops a direct enstrophy cascade (for
background information on two-dimensional turbulence, see
Ref. 17 for a theoretical introduction and Refs. 18–20 for
more recent reviews). For the RT case, it has been shown in
Ref. 21 that both possibilities actually turn out to be inconsis-
tent. As we will see in the following, numerical results support
the fact that the same conclusion holds true also for the RB
system.
An alternative prediction, proposed by Bolgiano22 and
Obukhov23 in discussing the statistics of velocity and tem-
perature fluctuations in a stably stratified atmosphere, can
be formulated for our systems. According to their assump-
tions, the buoyancy forces allow the introduction of a
characteristic scale, the Bolgiano scale LB, above which buoy-
ancy becomes important and the statistics of the velocity
and temperature is determined by the balance between buoy-
ancy and inertia forces. This leads to the Bolgiano–Obukhov
scaling (BO)2 for the velocity and temperature structure
functions.
These latter statistical indicators are defined as
Sp(r) = 〈
[
(v(r, t) − v(0, t)) · r
r
]p
〉, (3)
STp (r) = 〈[T (r, t) − T (0, t)]p〉. (4)
In the above expressions, brackets denote space averages
within the mixing layer under the hypothesis of small-scale
homogeneity and isotropy. The BO scaling is equivalent to the
following (dimensional) scaling relations: Sp(r) ' Apr3p/5 and
STp (r) ' Bprp/5.
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This dependence on the scale separation is the same for
both RT and RB turbulence. Differences only appear in the
prefactors Ap and Bp. In RB turbulence, they do not depend on
time whereas they do so for RT turbulence, the fingerprint of
the intimately unsteady nature of RT turbulence. The fact that
the spatial scaling for RT and RB is the same is the result of the
key assumption done by Chertkov in Ref. 21: the cornerstone
of his theory is indeed the quasi-equilibrium picture where
small scales adjust adiabatically as temperature and velocity
fluctuations decay in time. Following this picture, one arrives
at Ap = (βgΘ)2/5t−1/5 and Bp = (βg)−1/5Θ4/5t−2/5.
These results constitute a set of mean field (i.e., dimen-
sional) predictions, which need to be verified against numer-
ical simulations and/or experiments. This fact is discussed in
Sec. III A.
A. Numerical results
We review here the available results showing at which
extent the BO regime is encountered for RB and RT turbu-
lence. Let us start by analyzing the former system. We refer
to Refs. 24 and 25 for all details, including the numerical
setting of the exploited DNS. Figure 2 shows the behav-
ior of scaling exponents of both temperature structure func-
tions, ζTp , and velocity structure functions, ζp. One can easily
observe that while velocity fluctuations closely follow the
BO dimensional predictions, this is not the case for tempera-
ture fluctuations. These temperature fluctuations deviate from
the power-law rp/5—a fingerprint of intermittency—already
at the level of fourth-order structure functions. Intermittency
increases with the order p and tends to saturate at a constant
value ζ∞ ∼ 0.8. From this figure, one can easily see that sat-
uration is achieved from p ∼ 8. The absence of intermittency
for velocity fluctuations is accompanied with the emergence
of an inverse energy cascade (see inset of Fig. 10 in Ref. 9)
which, unlike what happens in two-dimensional hydrody-
namic turbulence,26 blows to large scales with a non-constant
flux.
FIG. 2. Scaling exponents of temperature increments, ζTp , and velocity incre-
ments, ζp, for the RB system. The straight lines denote the dimensional pre-
dictions: p/5 for temperature and 3p/5 for velocity. Notice that at orders larger
than p = 8, the temperature exponents saturate to a constant value, ζ∞ ∼ 0.8.
Details of the numerics can be found in Ref. 24. Adapted with permission from
A. Celani, A. Mazzino, and M. Vergassola, “Thermal plume turbulence,” Phys.
Fluids 13, 2133–2135 (2001). Copyright 2001 AIP Publishing LLC.
Let us now pass to analyze scaling exponents for the RT
system. They have been obtained in Ref. 10 and, more recently,
in Refs. 27 and 28. The results are reported in Fig. 3 which
shows the behavior of velocity and temperature structure func-
tions up to the order p = 6. Also in this case, within error
bars (corresponding to relative errors of about 10%), velocity
fluctuations do not show intermittency, whereas temperature
displays scaling exponents compatible with those of Fig. 2
relative to the RB system. To understand the reason at the
origin of the possible equivalence between scaling exponents
of RT and RB systems, it is sufficient to look at the horizon-
tally averaged temperature field. This observable is depicted
in Fig. 4. It is worth noticing the almost linear behavior of the
averaged temperature within the mixed layer. The linearity of
the mean temperature profile implies statistical homogeneity
inside the mixing layer, a key ingredient for the development of
the phenomenological theory a` la Kolmogorov used in Ref. 21.
We can thus conclude that fluctuations in RT turbulence are
forced, as in RB turbulence, by a linear mean temperature pro-
file. In RB turbulence, it is assigned in the form of external
FIG. 3. Isotropic moments for the RT system of the longitudinal (a) velocity
differences and (b) temperature differences of orders 2, 4, and 6 obtained
by averaging over all directions of separation r. In panel (a), the gray dotted
lines represent the Bolgiano dimensional prediction r3p/5, whereas in panel
(b), they represent the best-fit scaling exponents, which for p = 4 and p = 6
are anomalous. Lx denotes the horizontal size of the computational domain.
Adapted with permission from A. Mazzino and G. Boffetta, “Incompressible
Rayleigh–Taylor turbulence,” Annu. Rev. Fluid Mech. 49, 119143 (2017).
Copyright 2017 Annual Reviews.
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FIG. 4. The horizontally ensemble-averaged temperature field at different
instants for the RT system. The dimensional group τ ≡ (2Lz/(βΘg))1/2 is a
characteristic time scale of the flow. Here, Lz is the vertical size of the box.
Note the almost linear behavior of 〈T〉z in the mixed layer. Adapted with
permission from A. Celani, A. Mazzino, and L. Vozella, “Rayleigh–Taylor
turbulence in two dimensions,” Phys. Rev. Lett. 96, 134504 (2006). Copyright
2006 American Physical Society.
forcing, whereas in RT turbulence, it is created by the intrinsic
dynamics. The fact that RT turbulence is a non-stationary prob-
lem does not matter here because of the quasi-steady scenario
argued by Chertkov in Ref. 21. The evidences reported here
provide a strong support to Chertkov’s hypothesis on the quasi-
equilibrium between large-scale and small-scale fluctuations
in RT turbulence. From a more general point of view, they also
point to the conclusion that RT and RB belong to the same class
of universality with respect to boundary conditions/forcing
mechanisms.
B. A link between geometry and statistics
If one looks at Fig. 1, it appears that plumes are formed
by a well-mixed (hot or cold) region, where temperature fluc-
tuations are weak, bounded by a thin interface separating
warm (cold) fluid from the colder (warmer) surrounding back-
ground. Separations r between points crossing the interface
thus capture the largest temperature excursions, δrT  Trms,
T rms being the temperature root mean square. Temperature
differences across a plume interface are thus expected to con-
tribute to the tail of the probability density function (pdf), P,
of δrT . Moreover, interfaces separating hot plumes from cold
plumes appear in the form of wrinkled lines. Interestingly, the
geometrical properties of the set defined by plume interfaces
are linked to the extreme events of temperature fluctuations.
Let us address this point in detail.
From the results shown in Ref. 24 (Fig. 2) for RB turbu-
lence, the tails of the pdfs, P(δrT ), at various separations r
within the inertial range of scales can be collapsed onto a sin-
gle curve by a simple multiplicative factor rζ∞ with ζ∞ ∼ 0.8.
This amounts to saying that P(δrT ) = Qrζ∞ with the prefactor
Q that depends solely on the intensity of the fluctuation. Phys-
ically, this means that to select a large temperature fluctuation
between points separated by a distance r, one first needs to
intercept a plume interface, and this happens with a probabil-
ity ∝ rζ∞ , and then to have a large temperature excursion, a
fact that occurs with probability Q. The link between geometry
and statistics immediately follows from the very definition
of fractal dimension, DF , of the set hosting plume inter-
faces. In terms of DF , one easily finds that the probability
to intercept an interface across r goes as r2−DF . This last rela-
tionship provides the link we are searching for DF = 2− ζ∞.
The value DF = 0.2 has been obtained in Ref. 24 by the
standard box-counting technique, a fact that also explains
the visual impression in Fig. 1 of the interfaces as wrinkled
lines.
Although our attention has been focused on results
obtained for the RT system, all can be easily rephrased for
the RB system too.
IV. SCALING OF GLOBAL OBSERVABLES
Heat transfer in RT turbulence is inherently associated
with the presence of turbulence. The same holds true for the
RB system forced by the mean gradient. It is however worth
stressing that, conversely, heat transfer in classical RB con-
vection with boundaries is dominated by the physics at the
boundary layers (both thermal and kinetic), which develop in
correspondence with the two plates. As we will see, it is just the
absence of boundary layers in our models for RT and RB turbu-
lence which will allow one to isolate a scaling regime, known
as the ultimate state of thermal convection, which remained
elusive in RB convection with physical boundaries, even at
the largest Rayleigh numbers achieved.
A way to quantify the efficiency of heat transfer due to the
mixing induced by turbulence can be in terms of the Nusselt
number, Nu, the ratio of the total heat transfer to the molecu-
lar one. Other key dimensionless parameters are the Reynolds
number, Re, a measure of turbulence intensity; the Rayleigh
number, Ra, a measure of the temperature variation along
the vertical; and the Prandtl number, Pr, the ratio between
kinematic viscosity and thermal diffusivity.
A key question in turbulent convection is on the under-
standing of the dependence of heat transfer efficiency due to
turbulence and turbulence intensity as a function of the tem-
perature difference between upper and lower un-mixed fluids.
Rephrasing the question in mathematical terms, it amounts
to investigating the scaling relationship between Nu, Ra, and
Re: Nu ∝ Raγ and Re ∝ Raβ with γ and β to be deter-
mined with prefactors which may depend on Pr (via power
laws).
For RT turbulence, the above scaling relationships have
been investigated in Refs. 10 and 27. The numerical results
reported in those papers clearly show γ = β = 1/2. The scal-
ing relationships Nu ∝ Ra1/2 and Re ∝ Ra1/2 coincide with the
results derived by Kraichnan33 for the pure bulk contribution
to 3D RB turbulence, also known as “the ultimate state of ther-
mal convection,” which however has eluded both experimental
and numerical confirmation.29 Recent experiments for RB tur-
bulence done in vertical channels in the absence of plates have
shown indeed the appearance of a regime compatible with the
ultimate state.30,31 The situation seems however still open in
RB turbulence.32
Let us provide simple arguments through which the scal-
ing laws associated with the ultimate state of thermal convec-
tion can be derived dimensionally starting from the energy
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FIG. 5. The behavior of the Nusselt number (ordinate axis on the left) and
Reynolds number (ordinate axis on the right) versus the Rayleigh number
obtained from the results of DNSs reported in Ref. 10. Adapted with permis-
sion from A. Celani, A. Mazzino, and L. Vozella, “Rayleigh–Taylor turbulence
in two dimensions,” Phys. Rev. Lett. 96, 134504 (2006). Copyright 2006
American Physical Society.
equation. The latter simply follows from evolution equations
(1) and (2). Neglecting the contribution of thermal diffusiv-
ity as it is smaller than the contribution from turbulence, the
kinetic energy equation reads
dE
dt = βg〈vzT〉 − ν = −
dP
dt − ν , (5)
where E = (1/2)〈|v |2〉 is the kinetic energy density, P
= −βg〈zT〉 is the potential energy of the system, and ν
= ν〈|∂v |2〉 is the viscous energy dissipation rate. Brackets
denote space averages.
Let us focus for the sake of example on the RT
system. In terms of Ra= βgΘh3/(νκ), Re= vrmsh/ν, and
Nu= 〈vzT〉h/(κΘ), the above energy equation becomes
κ
βgΘ
h Nu =
d
dt
1
2
〈v2〉 + ν . (6)
Here vrms is the root mean square of velocity fluctuations
within the mixed layer and h(t) is the mixed layer width.
Because of the fact that for RT turbulence we already dis-
cussed that kinetic energy blows toward large scales, one can
safely neglect ν in (6). Together with the fact that vrms ' βgΘt
and h(t) ' βΘgt2, the following dimensional predictions for
Nu, Ra, and Re are obtained:
Nu =
(βgΘ)2
κ
t3, Ra =
(βgΘ)4
νκ
t6, Re =
(βgΘ)2
ν
t3.
Eliminating t from the above expressions, one easily gets
the scaling relationships associated with the ultimate state of
thermal convection
Nu ' Ra1/2Pr1/2, Re ' Ra1/2Pr−1/2
The accuracy of these predictions in RT turbulence can be
detected from Fig. 5. Data shown in this figure are obtained
from Ref. 10.
V. CONCLUSIONS AND PERSPECTIVES
We have analyzed the (steady) mean-gradient-forced
Rayleigh–Be´nard (RB) turbulent system and the (unsteady)
Rayleigh–Taylor (RT) turbulent system in two dimensions.
These two systems provide non-trivial examples where the
temperature plays the role of active scalar within the whole
inertial range of scales. In this respect, the underlying physics
in the two-dimensional case totally differs with respect to
the analogous three-dimensional cases where it is known
that temperature behaves as a passive scalar,34 the action of
buoyancy being restricted to the sole large-scale of motion.
The quantitative consequence of these different behaviors
reflects in the emergence of different scaling laws of rele-
vant two-point statistical observables: instead of the classi-
cal Kolmogorov–Obukhov scenario, characterizing the fully
three-dimensional cases, the Bolgiano–Obukhov picture is
predicted and actually confirmed by suitable high-resolution
direct numerical simulations. Despite this remarkable differ-
ence between the two-dimensional and the three-dimensional
cases, these two regimes are dynamically connected. Indeed,
it has been found for the case of RT turbulence9 that
the system undergoes a transition from a three- to two-
dimensional turbulent regime when the width of the tur-
bulent mixing layer becomes larger than the scale of con-
finement associated with the shortest side of the domain
along the horizontal direction. In the late stage of the evo-
lution, the convective flow is characterized by the coex-
istence of Kolmogorov–Obukhov and Bolgiano–Obukhov
scaling.
Both RT and RB systems show absence of intermittency
for velocity fluctuations. Moreover, the kinetic energy blows
toward the large scales of motion. In this respect, both sys-
tems resemble the classical two-dimensional hydrodynamic
turbulence in the inverse energy cascade with the major dif-
ference that for RT and RB turbulence the rate of cascade
of kinetic energy is not constant along the inertial range of
scales.
Intermittency is on the contrary present in the statistics
of temperature fluctuations. Numerical results on RB and RT
turbulence point to the conclusion that scaling exponents of
temperature structure functions are the same and tend to satu-
rate to a constant value for sufficiently large order. The concept
of intermittency saturation provides a link between geometri-
cal properties (of plume interfaces) and statistical properties
(of extreme temperature excursions).
All the above discussions concern RT and RB turbu-
lence of miscible fluids. Many interesting new issues arise
in the same context but in the presence of immiscible flu-
ids. In the latter case, because of surface tension, the sys-
tems possess new degrees of freedom (associated to capillary
waves) which can be excited by hydrodynamic degrees of
freedom thus interacting with turbulent fluctuations. For the
three-dimensional RT turbulence of immiscible fluids, a phe-
nomenological theory has been proposed in Ref. 35 and it
predicts that the energy is carried towards small scales by both
inertial and wave cascades simultaneously. A phenomenolog-
ical theory in the two-dimensional case is still missing and
it is not clear in which way (and if any) the inverse energy
cascade can interact with the propagation of capillary waves
on plume interfaces. Addressing this issue, exploiting numer-
ical strategies like the one reported in Ref. 36 seems a doable
option.
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